A novel method is proposed to determine an analytical expression for eigenfunctions and numerical result for eigenvalues of the Schrödinger type equations, within the context of Taylor expansion of a function. Optimal truncation of the Taylor series gives a best possible analytical expression for eigenfunctions and numerical result for eigenvalues.
I. INTRODUCTION
One of the source of progress of the sciences depends on the study of the same problem from different point of view. Besides their progress of the sciences those different point of views include a lot of mathematical tastes. Over the years considerable attention has been paid to the solution of Schrödinger equation. Determination of eigenvalues of the Schrödinger equation via asymptotic iteration method (AIM) has recently attracted some interest, arising from the development of fast computers [1] [2] [3] [4] . This method have been widely applied to establish eigenvalues of the Schrödinger type equations [5] [6] [7] [8] [9] [10] . Although the AIM formalism is very efficient to obtain eigenvalues of the Schrödinger equation, it requires tedious calculations in order to determine wave function if the system is not exactly solvable. When Schrödinger equation includes a non solvable potential, the calculation of wave function involved with a large number of terms will lose its simplicity and accuracy.
In this paper we will discuss new formalism based on the Taylor series expansion method, namely Asymptotic Taylor Expansion Method (ATEM). Although, Taylor Series Method [11] is an old one, it appears, however, not has been fully exploited in the analysis of both in solution of physical and mathematical problems. Yet, even today, new contributions to this problem are being made [12] . Apart from its formal relation to AIM, ATEM has also been easily applied to solve second order linear differential equations by introducing a simple computer program. We would like to mention here that the ATEM is a field of tremendous scope and has an almost unlimited opportunity, for its applications in the solution of the Schrödinger type equations. One can display a number of fruitful applications of the ATEM in different fields of the physics. For instance, our formalism of ATEM gives a new approach to the series solution of the differential equations as well as interrelation between series solution of differential equations and AIM. The method can also be applied to solve Dirac equation and Klein Gordon equation. In this paper we address ourselves to the solution of the eigenvalue problems by using the ATEM.
One of the fundamental advantage of ATEM is that (approximate) analytical expressions for the wave function of the associated Hamiltonian can easily be obtained. We note that ATEM also gives an accurate result for the eigenvalues when it is compared to AIM.
It should also be noted here that the determination of wave function by using AIM require tedious calculations if the system is not exactly solvable. For non exactly solvable potentials, the calculation of wave function by using AIM involved with a large number of terms will lose its simplicity and accuracy. Therefore, the method introduced here is useful to determine an analytical expression for the wave function of the non exactly solvable equations.
The paper is organized as follows. The first main result of the paper is given in section by reformulating the well known Taylor series expansion of a function. Section 3 is devoted to the application of the main result for solving the Schrödinger equation including various po- Let us consider Taylor series expansion of a function f (x) about the point a:
where f (n) (a) is the n th derivative of the function at a. Taylor series specifies the value of a function at one point, x, in terms of the value of the function and its derivatives at a reference point a. Expansion of the function f (x) about the origin (a = 0), is known as Maclaurin's series and it is given by,
Here we develop a method to solve a second order linear differential equation of the form:
It is obvious that the higher order derivatives of the f (x) can be obtained in terms of the f (x) and f ′ (x) by differentiating (3). Then, higher order derivatives of f (x) are given by
where
, and
Of course, the last result shows there exist a formal relation between AIM and ATEM. To this end, we conclude that the recurrence relations (5) allow us algebraic exact or approximate analytical solution of (3) under some certain conditions. Let us substitute (5) into the (1) to obtain the function that is related to the wave function of the corresponding Hamiltonian:
After all we have obtained an useful formalism of the Taylor expansion method. This form of the Taylor series can also be used to obtain series solution of the second order differential equations. In the solution of the eigenvalue problems, truncation of the the asymptotic expansion to a finite number of terms is useful. If the series optimally truncated at the smallest term then the asymptotic expansion of series is known as superasymptotic [13] , and it leads to the determination of eigenvalues with minimum error. Therefore eigenfunction of the equation becomes a polynomial of degree m. Otherwise the spectrum of the system can be obtained as follows: In a quantum mechanical system eigenfunction of the system is discrete. Therefore in order to terminate the eigenfunction f (x) we can concisely write that
eliminating f (0) and f ′ (0) we obtain
again one of the parameter in the equation related to the eigenvalues of the problem.
We can state that the ATEM reproduces exact solutions to many exactly solvable differential equations and these equations can be related to the Schrödinger equation. It will be shown in the following section ATEM also gives accurate results for non-solvable Schrödinger equations, such as the sextic oscillator, cubic oscillator, deformed Coulomb potential, etc.
which are important in applications to many problems in physics. This asymptotic approach opens the way to the treatment of Schrödinger type equation including large class of potentials of practical interest.
III. SOLUTION OF THE SCHRÖDINGER EQUATION BY USING ATEM
An analytical solution of the Schrödinger equation is of high importance in nonrelativistic quantum mechanics, because the wave function contains all necessary information for full description of a quantum system. In this section we take a new look at the solution of the Schrödinger equation by using the method of ATEM developed in the previous section. Let us consider the following eigenvalue problem (h = 2m = 1)
where V (x) is the potential, ψ(x) is wave function and E is the energy of the system. The equation has been solved exactly for a large number of potentials by employing various tech-niques. In general, it is difficult to determine the asymptotic behavior of (9) in the present form. Therefore it is worthwhile to transform (9) to an appropriate form by introducing the wave function ψ(x) = f (x) exp − W (x)dx . Thus, this change of wave function guaranties lim
x−>∞ ψ(x) = 0. We recast (9) and we obtain the following equation
In this formalism of the equation coefficients in (3) can be expressed as:
Using the relation given in (5) one can easily compute p n (x) and q n (x) by a simple MATH-EMATICA program. Our task is now to illustrate the use of ATEM to obtain explicit analytical solution of the Schrödinger equation including various potentials.
Anharmonic oscillator
Solution of the Schrödinger equation including anharmonic potential has attracted a lot of attention, arising its considerable impact on the various branches of physics as well as biology and chemistry. The equation is described by the Hamiltonian
In practice anharmonic oscillator problem is always used to test accuracy and efficiency of the unperturbative methods. Let us introduce, the asymptotic solutions of anharmonic oscillator Hamiltonian when W (x) = x, then the wave function takes the form
and (10 )can be expressed as
Comparing the equations (3) and (12) we can deduce that p 0 (x) = 2x and q 0 (x) = (gx
Here we take a new look at the solution of the (12) by using the method of ATEM developed in the previous section. By applying (8) , the corresponding energy eigenvalues are calculated by the aid of a MATHEMATICA program.
The term asymptotic means the function approaching to a given value as the iteration number tends to infinity. By the aid of MATHEMATICA program we calculate eigenvalues Eand eigenfunction f (x) for g = 0.1 using number of iterations k = {20, 30, 40, 50, 60, 70, 80}. The eigenvalues are presented in Table I and and are compared with results computed by the AIM [1] and direct numerical integration method [14] by taking g = 0.1. (11) for different iteration numbers k and g = 0.1.Last two rows corresponds the comparison of eigenvalues computed by the AIM [1] , direct numerical integration method [14] .
The function f (x) for n = 2 state is given in (14) . 
Interacting electrons in a quantum dot
In this section we present a procedure to solve the Schrödinger equation of two interacting electrons in a quantum dot in the presence of an external magnetic field by using ATEM. The problem has been discussed in various articles [15] [16] [17] . Here we just solve the mathematical part of the problem. Without further discussion the Schrödinger equation for a quantum dot containing two electrons in the presence of the magnetic field B perpendicular to the dot is given by
Introducing relative and center of mass coordinates r = r 2 − r 1 , R = H R , where
Equation (16b) is the Hamiltonian of the harmonic oscillator, and it can be solved exactly.
Let us turn our attention to the solution of the Hamiltonian H r . In the polar coordinate r = (r, α), if the eigenfunction
is introduced, the Schrödinger equation H r φ = E r φ, can be expressed as
From now on we restrict ourselves to the solution of Eq. (18) . After changing the variable r →h √ 2m * r and substituting u(r) = r r 2 f (r),we obtain the following equation
for simplicity we have chosen thathω =h 2 2m * = 1. In this case the functions p 0 (r) and q 0 (r) are given by p 0 (r) = ωr − 2ℓ + 1 r and q 0 (r) = −E n − λ r .
implies that the Hamiltonian is quasi-exactly solvable [15, 16] . Fortunately, quasi exact solvability of the Hamiltonian gives us an opportunity to check accuracy of our result and to test our method. In order to obtain quasi exact solution of (19) we set in:
E n = jω, where j = 1, 2, 3....
and then the problem is exactly solvable when the following relation is satisfied:
Note that λ, ω and ℓ belong to the spectrum of the Hamiltonian. Therefore an accuracy check for the ATEM can be made. We have tested ATEM and the result are given by λ = ± ω(2ℓ + 1) ; j = 1; E n = ω; f (r) = 1 ∓ ω 2ℓ + 1 r λ = ± 2ω(4ℓ + 3) ; j = 2; E n = 2ω;
Consequently, we demonstrated that our approach is able to reproduce exact results for the exactly solvable second order differential equations. Let us turn our attention to the complete solution of the (19) . We have again used 80 iterations during the solution of the equation and controlled the stability of the eigenvalues. The results are given in Table II .
We go back (6) to obtain the wave function of the equation of (19) for various values of E. Their plots are given in Figure 2 .
IV. CONCLUSION
The basic features of our approach are to reformulate Taylor series expansion of a function for obtaining both eigenvalues and eigenfunctions of the Schrödinger type equations. (19) for different iteration numbers k and λ = √ ω = 1 and ℓ = 1/2.
FIG. 2:
The wavefunctions of the two electron interacting in the harmonic oscillator potential field.
The parameters λ = √ ω = 1.
Furthermore the technique given here has been applied to determine the eigenvalues and the eigenfunctions of the anharmonic oscillator and the Hamiltonian of two electrons in a quantum dot. We have shown that ATEM gives accurate results for eigenvalue problems.
As a further work ATEM can be developed in various directions. Position dependent mass Hamiltonians [18] [19] [20] can be solved by extending the method given in this paper. In 
